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We demonstra te  that undamped and weakly damped thermal  convection waves, in par t icular ,  
thermal  and t r a n s v e r s e  waves, can be propagated in viscoelas t ic  heat-conducting fluids. 
We have found the frequency spec t rum and the wavelengths for  such waves. We indicate 
the possibi l i ty of developing a mechanical  genera tor  of thermal  oscil lations.  

Let us examine the propagation of small  perturbations in tempera ture ,  velocity, and density in a v i s -  
coelastic heat-conduct ing compress ib le  fluid that is exclusively thermal .  We wilt demonstra te  that in the 
presence  of a gravitat ional  field, as well as in the presence  of a special t empera ture  field, these pe r tu rba -  
lions may be propagated in the form of undamped and weakly damped ~ e r m a l  convection waves. 

1. There are severa l  mathematical  models of v iscoelas t ic  fluids [1-4]. We will use the isotropie 
Maxwell model with a single relaxation t ime r [1-4]: 

O%j / Ov~ Ovj 2 ~ Ov~ \ Ov~ 

3[ \ uxf c)x~ 3 ex~ / Ox~, 

where akj denotes the components of the viscous s t r e ss  tensor;  v k denotes the velocity components; and # 
and ~ are  v iscos i ty  coefficients.  We will r e fe r  to the viscoelast ic  medium subject to the rheological  equa- 
tion of state (1) as a Maxwell fluid, which is the pract ice  in the l i terature,  The nonsteady motion and the r -  
mal p rocesses  in Maxwell fluids in a gravitat ional  field are  described by the following sys tem of equations: 

( Ovk + v~ Ovh I - -  OP~ 
O ~ Ot ~xj ] -- Ox~-. + og> P~ = - -  6~jp + %j, (2) 

0 9 0 
ot ~- ~ (po~) = 0, (3) 

OY OT ] Oqk Ov~ + r  = __ ~ OY ( ~) 

f(p, o, T ) =  o, (s) 

where �9 is a dissipative function, while the tensor  components O-kj are  found f rom (1). 

Let us examine the manner  in which small  per turbat ions  in tempera ture ,  velocity, and density are 
propagated against the background of a volume of Maxwell fluid (mechanically in equilibrium, with a uni- 
form s t ressed  state) in the presence  of a constant t empera tu re  gradient in the direct ion of the gravitational 
field. We will r e s t r i c t  ourse lves  to an examination of the perturbat ions propagating in a direct ion pe r -  
pendicular  to the gravitat ional  field, in the form of s teady-s ta te  plane waves. The entire set of t empera -  
lure, v iscosi ty  (oscillations in the t r a n s v e r s e  component of velocity), and sonic waves propagating in the 
nonisothermal fluid in a gravitational field exclusively as a consequence of thermal compress ib i l i ty  will be 
r e fe r red  to as thermal  convection waves. All of the quantities in a state of mechanical  equil ibrium wilt 
be noted by the index zero,  while small deviations f rom these quantities wilt be indicated by a prime. Then, 
following the fami l ia r  method of [5], we will seek the solution of sys tem (1)-(5) in the form 

_ .(0~ + o~j (x, t), P = Po + P' (x, t), v~ = 0 + v~ (x, t), %1 - ~kj 

p = p o + p ' ( x ,  t), T = T o + T ' ( x ,  t). (6) 
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Let  us wr i t e  the equat ions  fo r  the p e r t u r b a t i o n s  (we drop  the p r imes )  : 

Ou Op + 0 ~  
- - -  u = v ~ ,  ( 7 )  

Po Ot Ox 8x ' 

Ov O~  u _ _  

~o o-7- = - ~ x  Pg~' ~ = ~ '  (8) 

"~ +r = tt~ + "% 0x ' (9) Ot 

O ~ v  Ov 
T + ~ ~o - - ,  (10) 

Ot Ox 

Op + 8u _ 
Ot Po ~-x -- 0, (11) 

c [ OT ) = ;~ O2T Ou (12) 
o Ox-Z-Po  

p = [3~T. (13) 

We a s s u m e d  in the de r iva t ion  of s y s t e m  (7)-(13) that  the ampl i tude  of the t r a n s v e r s e  osc i l l a t ions  of 
the fluid is c o n s i d e r a b l y  s m a l l e r  than the wavelength ,  and we applied the s a m e  a s sumpt ion  with r e s p e c t  
to the c h a r a c t e r i s t i c  d i s tance  fo r  the change in t e m p e r a t u r e ,  dens i ty ,  and p r e s s u r e  in mechan ica l  equi l ib -  
r ium.  The v i s c o s i t y  coef f ic ien t s  ~0 and ~0, the coef f ic ien t  of t h e r m a l  conduct iv i ty  h0, the hea t  capac i ty  Co, 
dens i ty  P0, and the p r e s s u r e  P0 a r e  t h e r e f o r e  a s s u m e d  to be constant .  In the l inea r i zed  equat ion of s tate  
the change in dens i ty  with p r e s s u r e  in t r e a t ed  as a magni tude  of the second o r d e r  of sma l lne s s .  

The equa t ions  fo r  the t e m p e r a t u r e  (12), f o r  the t r a n s v e r s e  ve loc i ty  component  (8), f o r  the s t r e s s - t e n -  
so r  component  Cxy (10), and fo r  the dens i ty  (13) a re  not a s s o c i a t e d  with the r e m a i n i n g  equat ions  of the s y s -  
t em  and can be solved independently.  Knowing p, f r o m  the cont inui ty  equat ion it is not diff icult  to  find the 
longitudinal  ve loc i ty  component ;  then,  f r o m  Eq. (9) we can find the s t r e s s - t e n s o r  component ,  and the p r e s -  
su re  can be found f r o m  (7). 

We will  seek  the so lu t ions  fo r  (8), (11), {13), and (14) [sic] in the f o r m  

v = V exp i (tot - -  kx), 

~ y  = / / e x p  i (tot - -  kx), 

T ----- 0 exp i (tot - -  kx). 

Having subs t i tu ted  (14) into (8), (11), (13), and (14) [sic], we will have 

itopoV + ikIl  + ~igO = 0. 

(itoa + k~ui) 0 + ytV = 0, a = 1 - -  P0[~___i 
Po~Co ' 

(1 + ir H + ikl~V = O. 

zo (is) 
poCo 

A nont r iv ia l  solut ion fo r  (15) is poss ib l e  if the d e t e r m i n a n t  of the s y s t e m  is d i f fe ren t  f r o m  ze ro .  This  con -  
di t ion enab les  us to wr i t e  the d i s p e r s i o n  equat ion  which d e t e r m i n e s  the r e l a t ionsh ip  between the wave n u m -  
be r  and the f r equency ,  i .e . ,  

(ito --to% + k%) (h0 + fi%) - -  [Iyg(1 + ito~) = 0, 
( 1 6 )  

8 , = P # ,  •  V l=aY.  

We will a s s u m e  the wave n u m b e r  to be complex ,  i .e. ,  k = k 1 + ik2, and we will a s s u m e  the f r equency  to be 
rea l .  Separa t ing  the r e a l  and i m a g i n a r y  p a r t s  in (16) we de r ive  two equat ions  f o r  the de t e rmina t i on  of the 
funct ions  Re[k(w)] = kl(w ) and Im [k(w)] = k2(w): 

to g + f~yg + (k~ - -  k~) to%n + 2k~k 2 (• + ~) o) - -  [(k~ --k~) ~ - -  4k~ k2 2] • = O, 
(17) 

to3~ + ~wto~ - (k~--k~)(~ + ~)to + 2k~k2 co~T~- -4k~  (k~ - -  k~)x~ =0 .  

The r ea l  pa r t  of the wave number  k 1 is a s s o c i a t e d  with the wavelength  l by the r e l a t i onsh ip  l = 2~/k  1. The 
i m a g i n a r y  par t  of the wave n u m b e r  k 2 d e t e r m i n e s  the depth of pene t r a t ion  L = k~ 1. 
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The depth  of p e n e t r a t i o n  is  u n d e r s t o o d  to r e f e r  to  the  d i s t a n c e  at  which  the a m p l i t u d e  of the  wave  
d i m i n i s h e s  by  a f a c t o r  of e. 

We b e g i n  the  a n a l y s i s  of (17) wi th  the  c a s e  in which  the w a v e s  a r e  p r o p a g a t e d  wi thout  a t t enua t ion ,  
i . e . ,  k 2 - 0. In a v i s c o u s  h e a t - c o n d u c t i n g  m e d i u m  th i s  is  p o s s i b l e  only  wi th  s y n c h r o n o u s  c o m p e n s a t i o n  of 
the  d i s s i p a t e d  e n e r g y  f r o m  e x t e r n a l  s o u r c e s .  In p r i n c i p l e ,  t h i s  is  p o s s i b l e  in the  e a s e  u n d e r  c o n s i d e r a t i o n ,  
s i n c e  the  r e q u i r e d  e n e r g y  can  be  d r a w n  f r o m  the  c o n s t a n t  g r a v i t a t i o n a l  and t h e r m a l  f i e l d s .  The  so lu t i on  of 
t h e s e  equa t i ons  shows  tha t  only  w a v e s  of c o m p l e t e l y  de f ined  f r e q u e n c y  and length  can  be  p r o p a g a t e d  wi thout  
a t t enua t  ion in a g iven  f lu id;  t i les  e w a v e s  a r e  g o v e r n e d  by  the  g r a v i t a t i o n a l  f i e ld ,  the  t e m p e r a t u r e  g r a d i e n t ,  and 
the p r e s s u r e  g r a d i e n t :  

(~ = [~?gv• e _ (~ @ v)e]l/2 (• (18) 

kt  = (~yg• __• __v)I/2 • (19) 

Let  us w r i t e  out the  e x p r e s s i o n  f o r  the  p h a s e  v e l o c i t y  found with  the  undamped  wave :  

~ =[ [37gv•215 l'n 
Uphas e = ki �9 (13~g • __ ~ __ ~) . (20) 

F r o m  the r e q u i r e m e n t  tha t  (18) and (20) be  r e a l ,  we have  the  fo l lowing  l i m i t a t i o n s  on the  magn i tude  and 
s ign  of the  p r o d u c t  flygT2: 

•  
~yg1: ~ > 

~Tg'C'> (• § ~ 

(21) 

(22) 

If oz > 0, s i nce  (~ + v) 2 -> (~4 + v)v, the  f i r s t  of the  i n e q u a l i t i e s  w r i t t e n  out is  a c o n s e q u e n c e  of the  second;  
when ~ < 0 and l'zP > v the  s e c o n d  i n e q u a l i t y  is a c o n s e q u e n c e  of the  f i r s t .  When c~ > 0 we s e e  f r o m  (22) 
tha t  in a m e d i u m  with a p o s i t i v e  coe f f i c i en t  of t h e r m a l  e x p a n s i o n  the t e m p e r a t u r e  g r a d i e n t  m u s t  be  a n t i -  
p a r a l l e l  to  the  g r a v i t a t i o n a l  f i e ld  (hea t ing  f r o m  above) .  In a m e d i u m  with a n e g a t i v e  c o e f f i c i e n t  of t b e r m a I  
e x p a n s i o n  the  t e m p e r a t u r e  g r a d i e n t  is  p a r a l l e l  to the  g r a v i t a t i o n a l  f i e ld  (hea t ing  f r o m  above) .  I n e q u a l i t i e s  
(21) and (22)can a l so  be t r e a t e d  f r o m  the  s t andpo in t  of l i m i t a t i o n s  on the  c h a r a c t e r i s t i c  of an e l a s t i c  f lu id  

- the  r e l a x a t i o n  t i m e  7. It f o l l ows  f r o m  (21) and (22) tha t  fo r  the  s p e c i f i e d  t h e r m a l  and v i s c o u s  p r o p e r t i e s  
of the  f lu id ,  and with  s p e c i f i e d  t e m p e r a t u r e  and g r a v i t a t i o n a l  f i e l d s ,  undamped  t h e r m a l  convec t ion  w a v e s  
can be p r o p a g a t e d  in f lu ids  wi th  a r e l a x a t i o n  t i m e  g r e a t e r  t han  [(~ + v)/fiygx]l/2 o r  [(~< + v)2/fiygxv]l/2. 
Consequen t l y ,  the  u n d a m p e d  t h e r m a l  c o n v e c t i o n  w a v e s  cannot  p r o p a g a t e  in p u r e l y  v i s c o u s  h e a t - c o n d u c t i n g  
f l u id s .  H o w e v e r ,  in such  f lu id s ,  a s  wi l l  be d e m o n s t r a t e d  be low,  we can  have  the  p r o p a g a t i o n  of w e a k l y  d a m p e d  
t h e r m a l  c o n v e c t i o n  w a v e s .  

Le t  us  p r e s e n t  s e v e r a l  n u m e r i c a l  e s t i m a t e s .  Le t  ~ ~ v ~ 10 -5 m 2 / s e c ,  /3g ~ 10 -2 m / s e e ,  deg ,  which  
c o r r e s p o n d s  to  the  c h a r a c t e r i s t i c s  of g a s e s ,  w h e r e a s  when , / ~  1 d e g / m  we have  T >~ I sec ,  f o r  ~ ~ 102 
d e g / m  we have  z >~ 10 -1 see .  Le t  v ~ 10 .2 m 2 / s e e ,  • ~ 10 -7 m 2 / s e c ,  f i g ~  10 -5 m / d e g -  sec ,  as ,  f o r  e x a m p l e ,  
in v e r y  v i s c o u s  f lu ids ,  then  fo r  3' ~ 1 d e g / m  we have  ~- -> 105 sec ,  whi le  fo r  7 ~ 102 d e g / m  we have  T >~ 104 
s e e .  

Le t  us  p r e s e n t  c e r t a i n  a s y m p t o t i c  e s t i m a t e s .  With an i n c r e a s e  in the  r e l a x a t i o n  t i m e  .~ the  f r e q u e n c y  
in (18) b e c o m e s  an i n c r e a s i n g l y  w e a k e r  func t ion  of ~- and at  the  l i m i t  t ends  to a~ = (fiygv/'v~)l/2, and the 
s q u a r e  of the  wave  n u m b e r  a s  a func t ion  of the  r e l a x a t i o n  t i m e ,  in t h i s  c a s e ,  b e c o m e s  l i n e a r ,  i . e . ,  k 2 ~ T~yg  
/ ~ .  Thus  at the  l i m i t  of l a r g e  % the  length  and v e l o c i t y  of the  t h e r m a l  convec t ion  w a v e s  d i m i n i s h  as  ~--/2. 

2. Le t  us  t u r n  to an e x a m i n a t i o n  of the  d a m p e d  t h e r m a l  convec t ion  waves .  We a r e  p r i m a r i l y  i n -  
t e r e s t e d  in the  w e a k l y  a t t e n u a t e d  w a v e s  in p u r e l y  v i s c o u s  f lu ids  w h e r e  ~- - 0. The  e x i s t e n c e  of w e a k l y  a t -  
t e n u a t e d  w a v e s  in a Maxwel l  f luid wi th  f r e q u e n c i e s  and w a v e l e n g t h s  c l o s e  to  t h o s e  e x a m i n e d  in the  p r e v i o u s  
s e c t i o n  is  r e g a r d e d  as  s e l f - e v i d e n t .  The  so lu t i on  of the  d i s p e r s i o n  equa t ions  (17) at  the  l i m i t  a s  T - -  0 p r e -  
s e n t s  no d i f f i cu l ty .  O m i t t i n g  the  i n t e r v e n i n g  c a l c u l a t i o n s ,  we w r i t e  the  f ina l  r e s u l t s :  

a) c02(v - - •  4~v137g = r >  0. 
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4• ' [~Y > O, 

k2 = [ •176215 + v) . r'/2 ] 1/2 
- -  4 •  , Ih, < o, ll3~1 >o~;  

(23) 

b) r ~ O .  

(• ~) 0) 
kik~ - " A, 

4• 

k 2 = _ [ _ T _ B + ~ / - B - ~ - - A , ]  1/2, 

TI/2 
B = - -  

4~v 

(24) 

(25) 

We see f rom express ions  (23)-(25) that depending on the absolute value and sign of fiyg(z -2, in principle,  
var ious thermal  convection waves can be propagated in the fluid. Fo r  all f requencies  w under the condition 
that fly < 0 and for f requencies  w -~ 2 (uv/3yg)l/2v - z 1 - 1  when f17 > 0 highly damped waves (24) propagate.  
Indeed, the depth of penetrat ion in this case is of the same order  of magnitude as the wavelength L ~ l .  
This p rocess  of propagating per turbat ions is essent ial ly  aperiodic and it is proper  that it be r e fe r red  to as 
an osci l la tory  process ,  r a the r  than a wave process .  

The situation is different with the propagation of perturbat ions for  frequencies w < 2 (xvfiTg) 1/2 Iv 
- n j - ~  in a liquid with P7 > 0. Here, as we can see f rom (24) and (25), two waves are  propagated with the 
specified frequency. One, corresponding to the plus sign in front of the B in (25), is a strongly damped 
wave. The other,  whose wave-vec to r  components we write in the fo rm 

k i = A [B (V 1 + A2B -2 - -  1)] -1/2, 
(26) 

k 2 = - -  [B (V 1 + A*B -~ - -  1)] 1/2 , 

may be weakly damped under cer ta in  conditions. 

Let us determine these conditions. F i r s t  of all, we must require  a large  absolute value for the depth 
of attenuation L, This is possible whenA2B -z << 1. Secondly, the depth of penetration must be large in the 
scale of the wavelengths. In answer  to the question as to when this is satisfied, we must analyze the exp res -  
sion L/ l :  

L k i _ A (27) 
l 2nk z 2riB (V I+A 2B  - 2 -  1)" 

Considering the conditionAZB -2 << 1, we simplify express ion (27) to 

~__ [4• (0 ~ (v - -  • 

1 no) (u + v) 

It is not difficult to see that the ra t io  L / l  will be the la rger ,  the g rea te r  the coefficient of thermal  expansion 
and the g rea te r  the t empera tu re  gradient,  the smal le r  the frequency,  and the c loser  the numerical  values of 
the coefficients of kinetic v iscos i ty  and thermal  diffusivity. The absolute magnitude of the tempera ture  
gradient is bounded f rom above by the condition that mechanical  equilibrium prevail ,  so that there is a finite 
upper limit for the frequencies  which are  propagated with low attenuation, i.e., w < (fiyg)l/2. As demon-  
s t rated by calculations,  the low-frequency oscil lat ions are  weakly attenuated. We will present  the numerical  
es t imates .  Best f rom the standpoint of high-frequency t ransmiss ion  are  media with x -~ v, e.g., a i r  p ~  1 
atm, T ~ 15~ v ~ 10 -6 m2/sec,  and ~ ~ 2 .10  -6 m2/sec.  With a t empera ture  gradient of 1 0  2 deg /m at a f r e -  
quency of 10 -3 Hz the depth of penetration is ~10 m or ~103 wavelengths, and with a frequency of 10 -4 Hz we 
have L ~ 102 m and L / l  ~ 104. 

Weakly damped thermal  convection waves of specific frequencies and lengths can thus be propagated 
in nonisothermal  viscous liquids with a t empera tu re  gradient paral lel  (antiparallel) to the gravitational field 
in a direct ion perpendicular  to ~" and AT. The greates t  interest  with regard  to thermal  convection waves is 
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apparen t ly  centered  on the poss ib i l i ty  the propagat ion  of weakly damped t r a n s v e r s e  and t he rma l  waves ,  
since in an i so the rma l  liquid in mechanica l  equi l ibr ium (without considera t ion  of the fo rces  of gravity) the 
t e m p e r a t u r e  andv i scous  waves  a re  s t rongly  damped [5, 6]. 

The t he rma l  convect ion waves  predic ted  and studied in this paper  may be used to develop a heat  
source  of t r a n s v e r s e  osci l la t ions ,  as well  as for  the m e a s u r e m e n t  of e las t ic ,  v iscous ,  and t he rma l  p rop-  
e r t i e s  of a liquid, the design of a mechanica l  hea t -osc i l l a t ion  genera to r ,  and for  s i m i l a r  pu rposes .  
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